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ON CROSS-SECTIONS OF PARTIAL WREATH PRODUCT OF
INVERSE SEMIGROUPS
EUGENIA KOCHUBINSKA
Abstract. We classify R- and L-cross-sections of partial wreath product of
inverse semigroups. As a corollary, we get the description of R- and L-cross-
sections of the semigroup PAutT of partial automorphisms of finite regular
rooted tree T and compute also the number of different R- (L-) cross-sections
in this semigroup.
1. Introduction
Green’s relations are basic relations introduced on a semigroup. Therefore it
is natural that the problem of description of cross-sections of Green’s relations
has been arisen. During the last decade cross-sections of Green’s relations for
some classical semigroups were studied by different authors. In particular, all H-
cross-sections of inverse symmetric semigroup ISn were studied in [1]. All R- and
L-cross-sections were classified in paper [3].
In the present paper we describe all cross-sections ofR and L Green’s relations of
partial wreath product of inverse semigroups. We also count the number of different
R- and L-cross-sections of this semigroup. The paper is organized as follows. In
Section 2 we collect all necessary basic definitions and propositions. In Section 3
we provide a description of all R- and L-cross-sections and compute the number of
different R- and L-cross-sections.
2. Basic definitions
For a set X , let IS(X) denote the set of all partial bijections on X . On the set
IS(X) define a composition law: f ◦ g : dom(g ∩ g−1 dom(f)) f ◦ g = g(f(x)), x ∈
dom(g ∩ g−1 dom(f)), where f, g ∈ IS(X). Under this operation set (IS(X), ◦)
forms a semigroup. This semigroup is called the full inverse symmetric semigroup
on X . If X = Nn, where Nn = {1, . . . , n}, then semigroup IS(Nn) is called the
full inverse symmetric semigroup of rank n and is denoted ISn.
It is possible to introduce for elements of ISn an analogue of cyclic decom-
position for elements of symmetric group Sn. We start with introducing two
classes of elements. Let A = {x1, x2, . . . , xk} ⊂ Nn be an ordered subset. De-
note by (x1, x2, . . . , xk) the unique element f ∈ ISn such that f(xi) = xi+1,
i = 1, 2, . . . , k − 1, f(xk) = x1 f(x) = x, x /∈ A. Assume that A 6= ∅ and
denote by [x1, x2, . . . , xk] the unique element f ∈ ISn such that f(xi) = xi+1,
i = 1, 2, . . . , k − 1, xk /∈ dom(x) f(x) = x, x /∈ A. The element (x1, x2, . . . , xk)
is called a cycle and the element [x1, x2, . . . , xk] is called a chain. Any element
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of ISn decomposes uniquely into the product of disjoint cycles and chains. This
decomposition is called a chain decomposition [2].
Recall the definition of partial wreath product of semigroups. Let S be a semi-
group, (P,X) be a semigroup of partial transformations of the set X . Define the
set SPX as a set of partial functions from X to semigroup S:
SPX = {f : A→ S| dom(f) = A,A ⊆ X}.
Given f, g ∈ SPX , the product fg is defined in a following way:
dom(fg) = dom(f) ∩ dom(g), (fg)(x) = f(x)g(x) for all x ∈ dom(fg).
For a ∈ P, f ∈ SPX , define fa as:
(fa)(x) = f(xa), dom(fa) = {x ∈ dom(a);xa ∈ dom(f)}.
Definition 1. Partial wreath product of semigroup S with semigroup (P,X) of
partial transformations of the set X is a set
{(f, a) ∈ SPX × (P,X) | dom(f) = dom(a)}
with composition defined by (f, a) · (g, b) = (fga, ab).We will denote partial wreath
product of semigroups S and (P,X) by S ≀p P .
It is known [5] that partial wreath product of semigroups is a semigroup. More-
over, partial wreath product of inverse semigroups is an inverse semigroup. An
important example of inverse semigroup is the semigroup PAutT kn of partial auto-
morphisms of a k-level n-regular rooted tree T kn . By a partial automorphism we
mean a root-preserving tree homomorphism defined on a connected subtree of T kn .
It is shown in [4] that
PAutT kn ≃ ISn ≀p ISn ≀p · · · ≀p ISn︸ ︷︷ ︸
k
.
This is an analogue of the well-known fact that Aut T kn ≃ Sn ≀ · · · ≀ Sn.
3. Description of R- and L-cross sections of semigroup S ≀p ISn
In this section we study cross-sections of partial wreath product of finite inverse
semigroup S with semigroup ISn. Denote by 0 and 1 correspondingly the zero and
the unit of the semigroup S.
Recall that Green’s R-relation on inverse semigroup H is defined by a R b ⇔
aH1 = bH1, similarly Green’s L-relation is defined by a L b ⇔ H1a = H1b. Note
that every R- (L-) equivalence class contains exactly one idempotent. It is well-
known (see for example [2]) that Green’s relations on ISn can be described as
follows: aR b⇔ dom(a) = dom(b); a L b⇔ ran(a) = ran(b).
R- and L-relations on S ≀p ISn are described in the next proposition.
Proposition 1. (1) (f, a) R (g, b) if and only if dom(a) = dom(b) and for any
z ∈ dom(a) f(z)R g(z);
(2) (f, a)L(g, b) if and only if ran(a) = ran(b) and for any z ∈ ran(a) ga
−1
(z)L
f b
−1
(z), where a−1 is an inverse for a.
Proof. The proof is completely analogous to the one for ISn ≀p ISn in [4]. 
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Now let ρ be an equivalence relation on a semigroup H . A subsemigroup T ⊂ H
is called cross-section with respect to ρ provided that T contains exactly one element
from every equivalence class. The cross-sections with respect to R- (L-) Green’s
relations are called R- (L-) cross-sections. Note that every R- (L-) equivalence
class contains exactly one idempotent. Then the number of elements in every
cross-section is |E(H)|, where E(H) is the subsemigroup of all idempotents of H .
It is not difficult to observe that a subsemigroup H of semigroup ISn is an R-
cross-section if and only if for every subsemigroup A ⊆ Nn it contains exactly one
element a such that dom(a) = A.
Before describing R- and L-cross-sections in semigroup S ≀p ISn, we recall first
the description of R- and L-cross-sections in semigroup ISn presented in [2]. Let
now Nn = M1 ⊔M2 . . . ⊔Ms be an arbitrary decomposition of Nn = {1, 2, . . . , n}
into disjoint union of non-empty blocks, where the order of blocks is not im-
portant. Assume that a linear order is fixed on the elements of every block:
Mi =
{
mi1 < m
i
2 < · · · < m
i
|Mi|
}
.
For each pair i, j 1 ≤ i ≤ k, 1 ≤ j ≤ |Mi| denote by ai,j the element in D-class
Dn−1 of rank n− 1 of semigroup ISn, containing chain [mi1,m
i
2, . . . ,m
i
j], that acts
as identity on the set Nn \ {mi1,m
i
2, . . . ,m
i
j}. Denote by R = R(
−→
M1,
−→
M2, . . . ,
−→
Mk)
the semigroup 〈ai,j | 1 ≤ i ≤ k, 1 ≤ j ≤ |Mi|〉 ⊔ {e}.
Theorem 1. [3] For an arbitrary decomposition Nn = M1 ⊔ M2 . . . ⊔ Mk and
arbitrary linear orders on the elements of every block of this decomposition the
semigroup R(
−→
M1,
−→
M2, . . . ,
−→
Mk) is an R-cross-section of ISn. Moreover, every R-
cross-section is of the form R(
−→
M1,
−→
M2, . . . ,
−→
Ms) for some decomposition Nn =M1⊔
M2 . . . ⊔Ms and some linear orders on the elements of every block.
Since map a 7→ a−1 is an anti-isomorphism of semigroup ISn that sends R-
cross-sections to L-cross-sections, then L-cross-sections is described similarly.
Now we turn to description of R- and L-cross-sections of semigroup S ≀p ISn. It
follows from Proposition 1 that a subsemigroup H ⊂ S ≀p ISn is an R-cross-section
if and only if for any A ⊂ Nn and any collection of idempotents e1, . . . , e|A| ∈ E(S)
there exists exactly one element (f, a) ∈ H satisfying dom(a) = A and f(xi)R ei
for all xi ∈ A. Later we will use this fact frequently.
We start the proof of the main result with a sequel of lemmas.
Lemma 1. Let R be an R-cross-section of semigroup S ≀p ISn. Then
R1 = {a ∈ ISn |(f, a) ∈ R}
is an R-cross-section of semigroup ISn.
Proof. Let (f, a), (g, b) be elements of R-cross-section R, that is, a, b ∈ R1. The
product of these elements (f, a)(g, b) = (fga, ab) is again in R-cross-section R,
hence if a, b ∈ R1, then also ab ∈ R1. Then R1 is a semigroup.
If for element (∅, e) ∈ R we have dom(e) = Nn, then dom(e2) = dom(e), and
since an R-cross-section contains only one element, domain of which is equal Nn,
then e2 = e, and hence e = idNn . Then for every element (f, a) ∈ R the product
(f, a)(∅, e) = (∅, e)(f, a) = (∅, a) ∈ R.
As R is anR-cross-section, then for every subset A ⊂ Nn there exists exactly one
element a ∈ R1 such that dom(a) = A. So, R1 is an R-cross-section of semigroup
ISn. 
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Lemma 2. Let R be an R-cross-section of semigroup S ≀p ISn. Then
R2 = {f(1) |(f, a) ∈ R, a = idNn , f(x) = 0, for all x 6= 1}
is an R-cross-section of semigroup S.
Proof. Let (f, a), (g, b) ∈ R be such that a = b = idNn , f(x) = g(x) = 0, for all x 6=
1, that is, f(1), g(1) ∈ R2. Product (f, a)(g, b) = (fga, ab) satisfies condition
ab = idNn , fg
a(x) = 0 for all x 6= 1. Since fga(1) ∈ R2 and fga(1) = f(1)g(1),
then for f(1), g(1) ∈ R2 their product also belongs to R2. Hence R2 is a semigroup.
As for every f(1) ∈ R2 the corresponding element (f, a) is an element of anR-cross-
section of semigroup S ≀p ISn, then for every idempotent e ∈ E(S) exists exactly
one element f(1) ∈ R2 such that eR f(1). Thus R2 is indeed an R-cross-section of
semigroup S. 
Lemma 3. Let S be an inverse semigroup, ψ : S → S be an automorphism, R be
an R-cross-section of S. Then ψ(R) is also an R-cross-section of S.
Proof. For any idempotent e ∈ E(S) of semigroup S there exists unique element
a ∈ ψ(R) such that aa−1 = e. Let a = ψ(b) for b ∈ R. Since ψ is an automorphism,
then ψ(bb−1) = e if and only if aa−1 = e. An element ψ−1(e) is also an idempotent
of semigroup S. Then bb−1 = ψ−1(e) if and only if ψ(bb−1) = e. The uniqueness of
element b such that bb−1 = ψ−1(e) follows from the uniqueness of element a. Thus
ψ(R) is an R-cross-section of S. 
Lemma 4. Let R be an R-cross-section of semigroup S ≀p IS(M). If R1 = R(
−→
M),
then R ≃ R2 ≀pR1.
Proof. The following holds for a partial wreath product P = P2 ≀p P1 of R-cross-
sections.
(1) If (f, a) ∈ R is such that f(i)R 1 for i ∈ dom(a), then f(i) = 1.
We will show now that the general case when f(i) 6= 1 reduces to this one.
We may assume M = {1, 2, . . . ,m} with the usual order. Let (fi, ai), i =
1, . . . ,m be such elements of an R that ai(1) = i, fi(1)R 1. Put ϕi = fi(1).
Consider now a map Θ : S ≀p IS(M) → S ≀p IS(M), which acts as: (f, a) 7→
(g, a), where for x ∈ dom(a) we define g(x) = ϕxf(x)ϕ
−1
xa . It is easy to check that
this map is an isomorphism. From Lemma 3 it follows that isomorphic image Θ(R)
of an R-cross-section R is an R-cross-section too. Moreover, the next paragraph
shows that for Θ(R) the property (1) is true.
Let ψj = (fψj , bψj ) be such an element of R-cross-section that bψj (j) = m,
fψj(j)R 1. Let (f, a) ∈ R be an element such that f(x)R 1 for some x ∈ dom(a).
Consider now the product of elements (fx, ax), (f, a) and (ψxa , bxa). We obtain
(fx, ax)(f, a)(ψxa , bxa) = (fxf
axψaxaxa , axabxa). Domain of component axabxa is
the set {1} and axabxa(1) = m. Also fxfaxψ
axa
xa R 1, and (fxf
axψaxaxa )(1) =
fx(1)f(1
ax)ψxa(1
axa) = fx(1)f(x)ψxa(x
a). It is obvious that (fx, ax)(f, a)(ψxa , bxa) =
(fm, am), hence (ϕxf
axψaxaxa )(1) = ϕm. Then we have (ϕxf
axϕ−1xa ϕxaψ
axa
xa )(1) =
ϕm, but ϕxaψx
a = ϕm. Thus g(x) = ϕxf(x)ϕ
−1
xa = 1.
As R ≃ Θ(R), we may assume that for R itself the property (1) holds. In this
case we will show R = R2 ≀pR1.
Let ϕ = (fϕ, aϕ) be some element of R-cross-section R. Then aϕ ∈ R1. We want
to show that fϕ(i) ∈ R2 for arbitrary i ∈ dom(aϕ).
ON CROSS-SECTIONS OF PARTIAL WREATH PRODUCT OF INVERSE SEMIGROUPS 5
For that we put j = a(i) and define three groups of elements of semigroup
S ≀p IS(M): element ψi = (fψi , aψi), where aψi = [1, i, i+1, . . . ,m−1,m], fψi(1) =
1, fψj = 0, j ≥ i; element σ = (fσ, aσ), where aσ = idM , and fσ(1)R fϕ(i), and
fσ(1) = 0 when x 6= 1; element τj = (fτ , aτ ), where aτj = [j,m], fτj(x) = 1 for
x ∈ dom(a). All of them are in R, because they are the only possible elements for
corresponding domains and idempotents.
Consider product of elements ψi, ϕ, and τj . Then we obtain ψi · ϕ · τj =
(fψif
aψi
ϕ f
aψiaϕ
τj , aψiaϕaτj). Domain of component aψiaϕaτj is the set {1}. Then
dom(fψif
aψi
ϕ f
aψiaϕ
τj ) = dom(aψiaϕaτj) = {1} and (fψif
aψi
ϕ f
aψiaϕ
τj )(1)R fϕ(i).
For the product σ · ψm = (fσfψm , aσaψm) we have that domain of aσaψm is the
set {1}, then dom(fσfψm) = dom(aσaψm) = {1} and (fσfψm)(1)R fϕ(i).
Thus we obtain that dom(aψiaϕaτj ) = dom(aσaψm) and (fψif
aψi
ϕ f
aψiaϕ
τj )(1) R
(fσfψm)(1). Then (fψif
aψi
ϕ f
aψiaϕ
τj )(1) = (fσfψm)(1), because R is R-cross-section.
As element fσ(1) lays in R-cross-section R2, then also fσfψm = fσ(1)fψm(1) is
in R2, because fψm = 1. Then product fψif
aψi
ϕ f
aψiaϕ
τj = fψ1(1)fϕ(i)fτj (j) also in
R2. Since fψi(1) = fτj (j) = 1, then fϕ(i) ∈ R2. Concluding we have R ⊂ R2 ≀pR1.
The number of elements of R-cross-section of inverse semigroup is equal to the
number of idempotents of this semigroup. The element (f, a) of the semigroup
S ≀p IS(M) is idempotent iff all a and f(i) are idempotents. Then number of
idempotents of this wreath product equals (|E(S)|+1)m. The number of elements of
partial wreath product R2 ≀pR1 equals
∑m
i=1 |R2|
i ·
(
m
i
)
= (|E(S)|+1)m. Therefore
R = R2 ≀pR1.

Theorem 2. Let R(
−→
M1,
−→
M2, . . . ,
−→
Mk) beR-cross-section of semigroup ISn, R1, . . . , Rk
be R-cross-sections of semigroup S. Then
R = (R1 ≀pR(
−→
M1))× (R2 ≀pR(
−→
M2))× . . .× (Rk ≀pR(
−→
Mk))
is an R-cross-section of semigroup S ≀p ISn. Moreover, every R-cross-section is
isomorphic to (R1 ≀pR(
−→
M1))× (R2 ≀pR(
−→
M2))× . . .× (Rk ≀pR(
−→
Mk)).
Proof. Let R1, . . . , Rk be R-cross-sections of semigroup S. It is obvious that
(R1 ≀pR(
−→
M1))× (R2 ≀pR(
−→
M2))× . . .× (Rk ≀pR(
−→
Mk)) is a semigroup.
Let h = (fh, ah) be an element of S ≀p ISn. Now show that there exists only one
element g = (fg, ag) ∈ R such that hRg. Define g in a following way. Put ag
∣∣
Mi
=
bi, where bi ∈ R0(
−→
Mi), dom(bi) = dom(ah)∩Mi. For every xi ∈Mi ∩ dom(ah) put
fg(xi) = yi, where yi ∈ Ri, yiR h(xi). It follows from definition of g that gR h. It
is clear that such an element g is unique.
Now prove that every R-cross-section is obtained in this way. Let R be an
R-cross-section of semigroup S ≀p ISn. According to Lemma 1, the set R1 =
{a|(f, a) ∈ R} is anR-cross-section of semigroup ISn, henceR1 = R(
−→
M1,
−→
M2, . . . ,
−→
Ms)
for some decomposition M1 ⊔M2 ⊔ . . . ⊔Ms of Nn.
Let (gi, ei) ∈ R be such that dom(ei) = Mi, gi(x) R 1 for all x ∈ Mi. Then
analogously to Lemma 1, ei = idMi , gi(x) = 1. This element is the element of
R-cross-section R.
As MRi =Mi and Nn =M1 ⊔M2 ⊔ . . .⊔Mk we have monomorphism from R to∏k
i=1(S ≀p IS(Mi)) defined by (f, a) 7→
(
(f
∣∣
M1
, a
∣∣
M1
), . . . , (f
∣∣
Mk
, a
∣∣
Mk
)
)
. Similarly
to Lemma 1, multiplying by (gi, ei), we get that each component R(gi, ei) of image
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of R is an R-cross-section of S ≀p IS(Mi). From Lemma 4 it follows that every
component is isomorphic to Ri ≀pR(
−→
Mi) for some R-cross-section Ri of semigroup
S. Now the statement of theorem is obvious. 
A map a 7→ a−1 is an anti-isomorphism of semigroup S ≀p ISn, that sends R-
classes to L-classes. It is also clear that it maps R-cross-sections to L-cross-sections
and vice-versa. Hence dualizing Theorem 2, one gets description of L-cross-sections.
Corollary 1. Let R(
−→
M1,
−→
M2, . . . ,
−→
Mk), R1, . . . , Rk be R-cross-sections of semigroup
ISn. Then R = (R1 ≀pR(
−→
M1))× (R2 ≀pR(
−→
M2))× . . .× (Rk ≀pR(
−→
Mk)) is an R-cross-
section of semigroup ISn ≀p ISn. Moreover, every R-cross-section is isomorphic to
(R1 ≀pR(
−→
M1))× (R2 ≀pR(
−→
M2))× . . .×Rk ≀p(R(
−→
Mk)).
Starting from the last corollary and iterating Theorem 2, one gets full description
of R-cross-sections of the semigroup PAutT kn of partial automorphisms of a rooted
tree.
Corollary 2. Semigroup ISn ≀p ISn contains
n∑
k=1
(n!)n+1
k!
(
n−1
k−1
)( n∑
i=1
1
i!
(
n−1
i−1
))k
dif-
ferent R-(L-) cross-sections.
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